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1) Introduction

Problem statement
• Minimize a cost function involving robust data terms

min
x

Ψ(x) with Ψ(x) =
∑
i

ψ(‖fi(x)‖)

where fi(x) : Rp → Rd and ψ (·) is a robust kernel function.

Challenges
• large number of local minima

• large number of parameters to estimate

How to obtain an efficient algorithm able to escape poor local minima?

2) Multiplicative Lifting

Introduce a Multiplicative Lifting Variable (M-LV) vi ∈
[0, 1] to lift ψ(‖fi(x)‖):

ψ(‖fi(x)‖) = min
vi∈[0,1]

1
2
vi‖fi(x)‖2 + γ(vi)

and rewrite minx Ψ(x) to obtain an NLLS problem:

min
x

Ψ(x) = min
x,{vi}i

ΨM-HQ(x, {vi}i)

where

ΨM-HQ(x, {vi}i) =
1

2

∑
i

∥∥∥∥√vi fi(x)√
2γ(vi)

∥∥∥∥2
Reparametrize the M-LV vi = w(ui) to avoid the constraint
v ≥ 0, e.g. w(u) = u2 (vi ≤ 1 can usually be ignored)

ΨM-HQ(x, {vi}i) =
1

2

∑
i

∥∥∥∥√w(ui) fi(x)√
2γ(w(ui))

∥∥∥∥2
Levenberg-Marquardt solver for underlying NLLS

• d+ 1-dimensional residuals

• Schur complement trick applies

Example Choose w(u) = u2 and γ(v) = τ2

4
(v − 1)2 to

obtain a smooth truncated kernel [1]

ψST (‖f‖) =
τ2

4

(
1−

[
1− ‖f‖

2

τ2

]2
+

)

3) Additive Lifting

Introduce an Additive Lifting Variable (A-LV)
pi ∈ Rd to lift ψ(‖fi(x)‖):

ψ(‖fi(x)‖) = min
pi

α
2

∥∥fi(x)− pi
∥∥2 + ρ(‖pi‖)

Problem: no closed-form expr. of ρ→ relaxation

ψ̃A-HQ(x,pi) = α
2

∥∥fi(x)− pi
∥∥2 + ψ(‖pi‖)

α
2

∥∥fi(x)− pi
∥∥2 can be seen as quadratic penalizer

Insert into Ψ

ΨA-HQ(x, {pi}i) =
∑
i

(
α
2
‖fi(x)− pi‖2 + ψ(‖pi‖)

)
Majorize-minimize (IRLS) applied on last term

ψ(‖p̄i + ∆pi‖) ≤
ω(‖p̄i‖)

2

(
‖p̄i + ∆pi‖2 − ‖p̄i‖2

)
+ ψ(‖p̄i‖)

Levenberg-Marquardt-like solver

• Majorizer plus Gauss-Newton approximation

• 2d-dimensional residuals

• Schur complement trick applies

• Approaches IRLS for α→∞
A-HQ is “relaxation” of IRLS

4) Double Lifting
Idea: apply A-HQ and M-HQ to avoid majorization step
Combine two steps:

• Additive lifting on ψ(‖fi(x)‖)

ψ(‖fi(x)‖) α
2

∥∥fi(x)− pi
∥∥2 + ψ(‖pi‖)

• Multiplicative lifting on ψ(‖pi‖)

ψ(‖pi‖) 1
2

∥∥√w(ui)pi
∥∥2 +

√
γ(w(ui))

2

Combined:

ψ(‖fi(x)‖) = min
pi,ui

α

2

∥∥fi(x)− pi
∥∥2 +

1

2

∥∥√w(ui)pi
∥∥2

+
√
γ(w(ui))

2

= min
pi,ui

1

2

∥∥∥∥∥∥
√
α(fi(x)− pi)√
w(ui)pi√

2γ(w(ui))

∥∥∥∥∥∥
2

Minimize jointly over x, {pi}i and {ui}i

ΨDL(x, {pi, ui}i) =
1

2

∑
i

∥∥∥∥∥∥
√
α(fi(x)− pi)√
w(ui)pi√

2γ(w(ui))

∥∥∥∥∥∥
2

Levenberg-Marquardt solver

• 2d+ 1-dimensional residuals

• Schur complement trick applies

• Closed-form inverse of (d+ 1)× (d+ 1) matrix

Run-time comparison
Relative iteration times

IRLS M-HQ A-HQ DL
1 1.6 1.45 1.72

5) Results

Tested kernels: Welsch and smooth truncated kernel

ψST (z) = τ2

4

(
1−

[
1− z2

τ2

]2
+

)
ψWelsch(z) = τ2

2

(
1− e−z

2/τ2
)

Robust mean: minθ

∑
i ψ(‖θ − yi‖)
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Avg. objective values (and std. deviations) reached by different methods
Top: 2D, bottom: 3D

Bundle adjustment
min

{Ri,ti}i,{Xj}j

∑
i,j
ψ
(
‖π(RiXj + ti)− qij‖

)
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Objective values reached by the different methods for linearized bundle adjustment
Top: Welsch kernel, bottom: ST kernel
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